CONVERGENCE OF WEIGHTED POLYNOMIAL MULTIPLE 
ERGODIC AVERAGES 
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Abstract. In this article we study weighted polynomial multiple crgodic av- 
erages. A sequence of weights is called universally good if any polynomial 
multiple ergodic average with this sequence of weights converges in . We 
find a necessary condition and show that for any bounded measurable function 
(f> on an ergodic system, the sequence (/)(T"a;) is universally good for almost 
every x. The linear case was covered by Host and Kra. 



1. INTRODUCTION 

In his innovative proof of Szemeredi's Theorem via ergodic theory, Furstenberg 
introduced certain muhiple ergodic averages. There have been many resuhs on 
these and other nonconventional ergodic averages, including the multiple ergodic 
theorems of Host and Kra [2] , [3] , Leibman fS] , Ziegler [l^ . Recently Host and Kra 
studied weighted ergodic theorems for multiple averages along arithmetic progres- 
sions. We give a generalization of this result for polynomial averages, showing: 

Theorem 1.1. Let {Y,v^S) he an ergodic system and (p g L°^{v). Then there 
exists Yq izY with viY^)) — 1 such that, for every j/o S Yq, every system (X,fj,,T), 
every r > 1, all integer polynomials pi, . . . ,Pr and all functions /i, . . . , S L°°{ijl), 
the averages 

N-l 

y 6(S^y,)TP^Mf,...TP^'Mf, 



N ^ 

n=0 



converge in Lp'ip) 



Throughout this article, by integer polynomial we mean a polynomial all of whose 
coefficients are integers. 

The case of pi (n) = in was proved by Host and Kra [4] . 

Remark 1.2. One may wonder why in the theorem 5*" is not replaced by S'p(") for 
some integer polynomial p{n). In fact, the latter would be much harder to prove, 
even in the simplest case that r — I and pi{n) — n. This problem is equivalent to 
showing the convergence of the averages of 0(S'P^"'2/o)e^'^'"* for all t G T and all 
ya £ Yq, where Yq does not depend on t. But this problem reduces to a question 
of almost everywhere convergence of multiple ergodic averages along polynomials, 
and this question is out of reach for the moment. 



Date: November 24, 2008. 

2000 Mathematics Subject Classification. 37A05, 37A30. 

Key words and phrases. Weighted ergodic averages. Universally good sequences, Wiener- 
Wintner Ergodic Theorem, Nilsequences. 

1 



2 



QING CHU 



Note that the set Yq does not depend on X or on fi,i = 1, . . . , r. We say that 
for every yo G Yq, the sequence (j){S^^yo) is universally good for the convergence in 
the mean of polynomial multiple ergodic averages. 

For r — I andp(n) = n, the resuh follows immediately from the classical Wiener- 
Winter ergodic Theorem [91 and a corollary of the Spectral Theorem. We follow 
a similar strategy, generalizing the proof in [4J along arithmetic progressions to 
polynomial progressions, but need to address some deeper technical issues. 

We first recall some definitions, see [T] and [3] for details. Let G be a fc-step 
nilpotent Lie group and F C G be a discrete, cocompact subgroup of G. The 
compact manifold X = G /T is called a k-step nilmanifold. The Haar measure /i of 
X is the unique probability measure invariant under the left translations x ^ gx 
of G on X. Letting T denote left multiplication by a fixed element a G G, we call 
(X, /i, T) a k-step nilsystem. Let f : X —^ C he a continuous function, xq € X, then 
the sequence (/(a^xo) : n G Z) is called a basic k-step nilsequence. The family of 
basic fc-step nilsequences forms a subalgebra of l°° . Under the uniform norm || ■ ||oo 
of we call a uniform limit of basic fc-step nilsequences a k-step nilsequence. 

The proof of Theorem 11.11 is broken down into two pieces. First we give a 
convergence criterion for weighted polynomial multiple ergodic averages. 

Theorem 1.3 (Convergence Criterion for Weighted Averages). For any r, 6 G N, 

there exists an integer K >1 with the following property: for any hounded sequence 
c ~ (c„ : n G Z) , if the averages 

N-l 

converge as N oo for every K-step nilsequence d = {dn : n € Ij). Then for every 
system {X, fi, T), all fi, . . . , fr G L^{X), and all integer polynomials pi, . . . ,pr of 
degree < h, the averages 

(1) ^ '^nT^'^'^^fi ■ Tf^(«)/2 • • •TP'-(")/, 

n=0 

converge in L'^{X). 

The bulk of this paper is devoted to the proof of this theorem. Then our main 
result follows from the following Generalized Wiener- Wintner Theorem proved by 
Host and Kra in [4]. The case of a polynomial version of the Wiener- Wintner 
theorem was proved by Lesigne ( [7], [S]). 

Theorem 1.4 (Generalized Wiener- Wintner Theorem [3]). Let {X,ii,T) be an 
ergodic system and cf) be a bounded measurable function on X. Then there exists 
Xq C X with (J^^Xq) — 1 such that for every x G Xq. the averages 

N-l 

- ^ cf>{T"x)b^ 

n=0 

converge as iV —> oo for every x G Xq and every nilsequence b = (&„ : n G Z). 

While nilsequences do not appear in the statement of Theorem 1 1.11 they are used 
as tools in its proof. Both Theorems 11.31 and 11.41 are of interest on their own, as 
results on nilsequences. 
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2. PROOF OF THEOREM 11.31 

Using a standard ergodic decomposition argument, it suffices to prove Theorem 
11.31 for ergodic systems. 

2.1. We first remind the reader of a definition from Leibman's paper [6]. We call 
a sequence {g{n)}nei, with values in a nilpotent group G a polynomial sequence, if 
g{n) is of the form g{n) = a^^*'"^ . . . c^tT where ai, . . . , a™ £ G and pi, ■ . ■ ,Pm 
are polynomials taking integer values on the integers. 

Before stating the next proposition, we explain briefly its meaning: we can view 
the sequence of values of a continuous function along a polynomial sequence on a 
nilmanifold as the sequence of values of some other continuous function along an 
ordinary orbit of some other nilsystcm. 

Proposition 2.1. Let {X = G/T,T) be a nilsystem, xq 6 X, p be an integer 
polynomial, and / G C{X). Then there exists a nilsystem {Y, S), , h E C{Y), 

such that /(rP(")a;o) = /i(S'"yo) for every n. 

Proof. Let {X = G/T, T) be a nilsystem. Suppose Tx :— ax, for some a G G. 
Then T^'^'^^x — a^'^'^^'x. Let g{n) := aP^"'\ then g is a polynomial sequence in G. 
Let TT : G X he the factorization mapping. We will assume that xq = 7r(lG); 
otherwise if xq — 7r(7),7 G G, we write g{n)xo = g{n)^Tr{lG), and replace g{n) by 
5(71)7. 

Now we have a nilpotent Lie group G, a discrete cocompact subgroup F and 
a polynomial sequence g in G. By Proposition 3.14 in Leibman's paper [6], there 
exist a nilpotent Lie group G, a discrete cocompact subgroup F, an epimorphism 

: G — > G with 77(F) C F, a unipotent automorphism r of G with t(F) = F, and 
an element c G G such that 

g{n)^r,{T^{5)),neZ. 

Let X — G/T and let tt : G ^ X be the factorization mapping. 
The epimorphism rj : G G factors to a map X X, we also denote it by rj, 
which is onto and satisfies, 

TT o 7y = O TT. 

The map t induces a homomorphisni X ^ X, which we also denote it by r. It 
satisfies, 

T on ^ TT OT. 

Let Xq = 7r(lg), then 

77(t"(c Xq)) = g{n)x(3, n G Z. 

Let G be the extension of G by r, then G is a nilpotent Lie group (see Proposition 
3.9 in [6J). Let r be the element in G representing r, so that r(5) = raf~^ for any 
5 G G, the multiplication of G is given by this formula. We have G ~ {^t" : g G 
G, n G Z} and G is open in G. 

Let F be the subgroup of G spanned by F and t. As t(F) = F, we have F — 
{7?" : 7 G F, n G Z} and F n G = F. By the definition of the relative topology. 
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r is a discrete subgroup of G. Moreover, G/F = (GT/F) can be identified with 
G/(f n G) G/F = X. We write tt: G ^ X for the quotient map. 
Let X ^ X and g G G with 7r(g) = 5;. We have 

t(x) — TT{T{g)) = n{TgT^^) = irirg) ~ tx, 

because £ F. So for every n, 

g{n)xo = ?7(t"(c xq)) = 77(t"(c xq)). 

Let y = (G/F, S) ~ (X, 5), 5*2! — tx, and let h — f o r/, and ya ^ c xq. This 
system and this function satisfy the announced properties. □ 

2.2. We recall a few properties of the seminorms and the factors introduced in [2]. 
Let {X,fj,,T) be an ergodic system. For an integer fc > 0, we write X^^^ = X"^ 
and tI''! : X^''^ ~* X^''^ for the map T xT x ... xT, taken 2*^ times. We define 
by induction a probability measure /it*"'! on X^'^^ that is invariant under T^'^I. Set 
= ^. For fc > 0, let l'*^! be the tr-algebra of tI*^! -invariant subsets of X^'^l. 
Then //I'^+^l is the relatively independent product of ^I*^! over X'^, which means for 
F,F' e L°°(XW), 

/ d^I'^+il = / E(F|Z['^1)E(F'|ZW) d/i^. 

For a bounded measurable function /, we define 




where G: C — > C is the conjugacy map z i-^ e = £\£2 ■ ■ ■ £k with Si G {0, 1} and 
e| — El + 62 + ■ ■ ■ + Sk- It is shown in 2^ that for every fc > 1, ||| • |||fc is a seminorm 
on 

Moreover, for every k > 2, X admits a factor Z^-i such that, for every / e 
L°°(p), III /life = if and only if E{f\Zk-i) = 0. One of the main results of '2^ is 
that, for every fc, is an inverse limit of fc-step nilsystems. We call this result the 
Structure Theorem. 

Let {Z = Zi{X),in,T) be the Kronecker factor of {X,^,T). For s e Z, we 
define a measure fis on X x X hy 

I fix) fix') dfisix, x') = f E{f\Z){z) ■ E{f'\Z){sz) dm{z). 

JxxX JZ 

For every s e Z the measure is invariant under T x T and is ergodic for 
m-almost every s. The ergodic decomposition oi fi x fi under T x T is 

fi X 1^1 = / fis dm[s). 

JZ 

For each s G Z such that {X x X, fis,T x T) is ergodic, and for each integer 
fc > 1, a measure (/is)'*^' on {X x X)^'^^ can be defined in the same way as /il*^'. 
Furthermore, a seminorm ||| • |||fc,s on can be associated to this measure 

in the same way as the seminorm ||| • |||fc is associated to /i''"'!. It follows from the 
definition ^ that for every / G L°°{fi), 
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(3) \lf\ll+i - I If® fills dmis). 

2.3. We return to the proof of theoreni ll.3l We may assume that the polynomials 
Pi, . . . ,Pr are nonconstant and essentially distinct, that is Pi — Pj ^ constant for 
« + 3- 

The following theorem will be proved in the next section. 

Theorem 2.2. For any r, 6 e N, there exists k £N, such that for any nonconstant 
essentially distinct polynomials pi, . . . ,pr : ^ Z, of degree < b, for every ergodic 
system {X,fi,T), every fi,...,fr G L°^{X) with |||/i|||fc = 0, and any hounded 
sequence c = (c„ : n G Z), one has 

N-l 



(4) hm 



N ^ 

n=0 



= 0. 

LHX) 



2.4. Now we give the proof of Theorem [LSI 

Proof of Theorem \1.3[ from Proposition \2. 1\ and Theorem \2.2l The proof 
is exactly the same as the proof of Theorem 2.24 in [4J. For any r, 6 G N, let fc G N 
be the integer in Theorem 12.21 let Zk-i be the {k — l)-th factor of {X,ii,T), as 
given by the Structure Theorem. By definition, if E(/i|Zfc_i) = 0, then |||/i|||fc = 0, 
and by Theorem 12.21 the averages ((4|) converge to zero in L'^(X). We say that the 
factor Zk-i is the characteristic for the convergence of these averages. Therefore, 
it suffices to prove the result when the functions are measurable with respect to the 
factor Zk^i. 

Since Z}^_i is an inverse limit of [k — l)-step nilsystems by density, we can 
assume that {X, /i, T) is a (fc — l)-step nilsystem and that the functions /i, . . . , 
are continuous. 

But in this case, by Proposition 12.11 for every x € X, and all polynomials 
Pi, . . . there exist nilsystems (li, ^i), . . . , (Yr, Sr), yi G Yi, and gi G CiYi), such 
that /,(rP'(")x) = g^{S2y^). z = 1, . . . , r. 

Let K be the maximal order of the nilsystems {Yi,Si),i = 1, . . . , r. Then the 
system (Y = Yi x • ■ • x Yr,S = Si x • • ■ x 5*^) is a if-step nilsystem. Let g : 
Yi X • • • X r,. ^ R be given by g{y) = g{yi, ■■■,yr) = 51(2/1) • ■ • ■ • griVr)- So the 
sequence 

{fi{TP^^"^x) • f,{TP-<-"^x) • . . . • friTP'^^''^x)Uez 

= {giiSlVl) ■ 92(82 y2) ■ ■■■■ gr{S'^yr)}n£Z 

= {5(^"y)}nez 

is a if -step nilsequence and by hypothesis, the averages ([T]) converge for every 
x&X. □ 

3. PROOF OF THEOREM 12.21 

Note that our goal is very similar to the main result in Leibman's paper [5], the 
only difference being that in our case we are dealing with the weighted averages. 
In fact, we can deduce Theorem 12.21 by following very closely the arguments of 
Leibman in his paper to cover our weighted case with some modifications. But here 
we adopt another way that allows us to deduce it directly from Leibman's result. 
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Proof of Theorem \2.^ We prove the result by several steps. 

(i) The following assertion follows immediately from Theorem 3 in Leibman's 
paper [5]: 

Let r, 6 G N be fixed. There exists an integer k — k{r, b) such that for every 
family of nonconstant essentially distinct polynomials pi , . . . , : ^ ^ of degree 
< b, we have: for every ergodic system {X, B, /x, T), and every /i, . . . , /,. E L°°{X) 
with |||/i|||fc = 0, one has 



lim 

N^oo 



0<m,n<N 



LHX) 



(ii) We use the notation of Section [2?2l It follows from ([3]) that |||/i|||fc+i = 
implies |||/i ® /i||U,s — for m-almost every s. Using the previous result to the 
ergodic system {X x X, ^is,T x T), one gets: if |||/i|||fc+i — 0, then 

2 



lim 



- y 



0<m,n<N 



lim -ir 

0<m,n<N 



(T X T)Pi('"'")/i ® A . . . (T X TY^Mfr ® fr dii,dm{s) 



Z JX-kX 



< I lim 

N^oo 



< I lim 

N^oo 



XxX 



^ (TxTr(™'")/i®/i...(TxTf'-("'")/,®/, 



0<iTi,n<Ar 



^ ^ (rxrr(™'")/i®/i...(TxT)f'-(™'")/,®/, 



0<m,n<N 

(iii) Expanding the square, one sees that 



d^sdm{s) 
dm{s) = 0. 



n=0 



is equal to 

— ^ ^ AT ^ 



0<m,n<N 

which is less than a constant times 



(5) 



- y 



0<m,n<N 



since by our assumption the sequence c„ is bounded. Notice that pi (n), 
is a family of 2r essentially distinct polynomials of degree at most b. 

(iv) Combining the previous parts we see that if |||/i |||fc(2r,6)+i = Oj where k{r, b) 
is defined in part (i), then for every family of nonconstant essentially distinct poly- 
nomials pi , . . . , : Z ^ 2 of degree < b, we have that the average ([5]) converges 
to 0. This proves Theorem 12.21 

□ 



Prin),pi{m), . . . .Prim) 
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